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We start with the famous Abel -Ruffini theorem .

Thin (Ruffini 1799, Abel 1824)

There is no formula for the roots of
a general 5th degree polynomial involving
only arithmetic operations (t,-, ., ÷) and radicals I.

To-day :
- See a modern proof due to Arnot 'd
thatuses topology in place of Galois thy .

- See how complex dynamics car show that
even approximate solutions to polynomials
are inherently constrained .



The spaces Polyana, Rootnc
-

Two natural parametrization of nth degree monic
Polynomials:/Q :

Plz)= Z
"

t an-, Z t - - - ta iz tao

① Polyne : parametrize the weeds .

(ao, - - -, an-D '→ Znt an-it
" 't

- - - t a, 2- tao

② Root; Q : Parametrize the roots

( ri , -→ rn) 1-> Cz-r,) - - - Cz- rn)

Nole both Poly n Cl, Root n E E E
"

.



Recall that you can express the coefficients as
symmetric Functions of the roots

, eg .

any = - Eri
, a①

= C-Dnr, - - - rn .

an-z = 2- ri rj
So there is a mapI i ±;

I : Root
n
E→ PolynE .

If r. . . . -, rn areall distinct
,

then It has degree n !

( The n ! Points (row , - - -, room) For resin
are distinct in Root

n
E
, but map to same

PE Poly n E ) .

Abstractly, root- finding is about finding
a map the other way : Polyn IC → Rootn IC .



Arnot 'd 's Argument
-

Warmup level 1 :

-

r.

Look at applet for n--2 .
We see there are loops in Polyak that
do not lift to hods in Rook E . Conly paths) .

This tells us something about solving quadratics:

There is no formula involving continuous single- valued
functions that can pick out one root of
a quadratic .



WWmupt.fr wbics, a single radical wont do !
Suppose we had a cubic formula that involved

only one radical :

It
.

'①
Here fi

, fu are continuous fictions .

Lets examine what happens as we move p along a loop .

Applet.. Can easily realize 423) as a
permutation

.

By " reverse -engineering; can make CoD, also .

In fact, given any permutations of the
roots
, can build a loop 8g in Polyn E

that realizes it !



Commutators : Given paths K, ra,
the commutator is the concatenation

K K TITI
,
where J is r run backwards

.

Let's look at how commutators would behave

cuter radicals .

'

See in applet : permutation is cask,
where k counts the winding number

of r around 0
.

But observe that any commutator
has WN --O .



Suppose we had a cubic formula

with one radical :

- .

.i÷o±'
It
.

root#3

Then as we moved P around .

ayy commutator - loop, of#2

we'd see the roots complete root # ,

a troop
,
not a path:

But , notice [81%8,2] induces ④2334253
= ( 132)

,
so if You do this commutator- loop,
You fail to lift !



Quintic : Just an elaboration of same ideas .
Notice [( 1234 s) , (135)] = (241) ( 153)

= ( I5 3 24 )
,5 -cycles are commutators !

⇒ Any quintic Formula in radicals would need
nested radicals
-

Recall : 3-cycles are commutators , too .

So can write ( 12345) as [[ri , 8D
,
cos,kid]

,

i -e. a double commutator
.

⇒ Any quintic Formula in radicals would need
threelayersofn-es.tn.

(Each of Ca, 821 , [ 83,843 themes lift
as loopy enter the first it,
so [oh,8D,Erm,]] survives a double radical . )



Endgame:

We wrote 5 - cycle = [5- cycle , 3-cycle) .

See: ④23), ( l 4S)) = ( 245) (154 ) = ( I 24)

so : Z cycle = [3-cycle, 3-cycle] .
So now you can repeat ad iif :

A 5 -cycle can be expressed as an n-fold
iterated

.

commutator Frary n !

⇒ Any quintic formula requires
> n nested radicals

,
for all n !

⇒ No quintic formula in radicals !
µ



Parts : Approximations
In practice, often an approximate solution
to plz) is good enough .

Recall Newton's method :

Instead of solving PCH, solve Tzo CZ ),
the tangent line to p at z

-
-zo
,
then iterate

.

"
" '

* zo .



Newton's method is a purely- iterative algorithm :
(PLA)

Given plz), obtain a self- map of I :

Rpk) = z - PCI
P'CZ)

A PIA is generally - convergent if fora
full- measure set of initial guesses Zo, the
sequence { Zo, Rpczo), RICH

,
- .- } → t

a root of P.

Everitt : Newton's method is generally -
convergent for quadratics .



that about wbics ?

In applet : Examine R.cz)-- Cz -x) Cztx) Cz- i)

for 1=0.589 t.GS I
.

See initial guesses zoo → I
2-0=0.1 → I

2-0=0.2→ I

2-0=0.25→ 1 Slowly !
2-0=0.26→ -X

2-0=0.27 → ? ? ? %D
O

Zo = 0.3 → X

Zo = 0.32 → 7 ? ?

What's going on here?



Red zone : Zone ofchaos !

(credit: Shannon N. Miller)

Very plausible -

- red set has positivemeasure .

⇒ Newton's method Fails : not generally-convergent!

Enter McMullen:
-

Them (McMullen, '87)
For polynomials of degree d74, no generally - cow.
PIA algorithm whatsoever exists !



In Followup work, he gave a more explicit obstruction .

Well close with a discussion of this, since it
is very much in the spirit of Arnold 's proof
From part 1 .

"

Braiding the attractor"
-

consider a polynomial plz ) :

Roots (p)
Cl

say we had a PIA Rpk)
that worked:

TT
Ty÷↳¥ RootsCP) : the attractor of Rp

.

Roots (p)
Cl



r

Now imagine we had one that worked
in general .
We could take a loop Pa of polynomials .

+-
This would give us a top of rational maps
with a loop of attractors .

Notice that this forms a braid .

Recall from part 1 : Givenaf braid, we
can realize it as the loop of rootsof
Polynomials .



McMullen shows that there are strong constraints
on the kinds of braids that can arise
as loops of attractors !

The constraint is rosh 18 this :

O Theremust be some come

¥ left invariant by Csomepowerof)
the braid

.

(For technical reasons, need 84 strands, too ) .
But there are braids with no such fixed loops :

B D B g

*
(Exercise ! )

So if Your roots trace
• . . . out this braid, youcan't have a pit along it !


